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Bessel Identities in the Waldspurger Correspondence over the
Complex Numbers
Jingsong Chai and Zhi Qi
Abstract. We prove certain identities between relative Bessel functions attached to irre-
ducible unitary representations of PGL2pCq and Bessel functions attached to irreducible
unitary representations of SL2pCq. These identities reflect the Waldspurger correspon-
dence over C. We also prove several regularity theorems for Bessel and relative Bessel
distributions which appear in the relative trace formula. This paper constitutes the local
spectral theory of Jacquet’s relative trace formula over C.
1. Introduction
1.1. Motivations. There is a pair of exponential integral formulae of Weber and
Hardy on the Fourier transform of Bessel functions on the real numbers. Let epxq “ e2πix.
Weber’s formula is as follows,
(1.1)
ż 8
0
1?
x
Jν
`
4π
?
x
˘
e p˘xyq dx “ 1a
2y
e
ˆ
¯
ˆ
1
2y
´ 1
8
ν´ 1
8
˙˙
J 1
2
ν
ˆ
π
y
˙
,
with y P p0,8q, valid when Re ν ą ´1. Hardy’s formula is in a similar fashion,ż 8
0
1?
x
Kν
`
4π
?
x
˘
e p˘xyq dx “ ´ π
2 sinpπνq
1a
2y
e
ˆ
˘
ˆ
1
2y
` 1
8
˙˙
ˆ
e
ˆ
˘1
8
ν
˙
J 1
2
ν
ˆ
π
y
˙
´ e
ˆ
¯1
8
ν
˙
J´ 1
2
ν
ˆ
π
y
˙˙
,
(1.2)
when |Re ν| ă 1. Here Jν and Kν are Bessel functions (see [Wat]).
In the work [BM2] of Baruch and Mao, the formulae (1.1) and (1.2) are used to es-
tablish an identity between the relative Bessel functions for PGL2pRq and the Bessel func-
tions for ĂSL2pRq and hence a correspondence from irreducible unitary representations of
PGL2pRq to irreducible genuine unitary representations of ĂSL2pRq. This correspondence
is exactly the Shimura-Waldspurger correspndence over R! Completely analogous results
for the non-Archimedean case were obtained in [BM1]. These results fit into the theory
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of the relative trace formula developed by Jacquet and constitute the local (real and non-
Archimedean) spectral theory that complements the global theory in [Jac]. Ultimately, the
Waldspurger formula over a totally real field was obtained and used to study the central
value of PGL2 automorphic L-functions in [BM3].
Recently, it is proven in [Qi1, Qi2] the following complex analogue of the classical
formulae of Weber and Hardy,ż 2π
0
ż 8
0
Jµ,m
`
xeiφ
˘
ep´2xy cospφ` θqqdxdφ “ 1
4y
e
ˆ
cos θ
y
˙
J 1
2
µ, 1
2
m
ˆ
1
16y2e2iθ
˙
,(1.3)
for y P p0,8q and θ P r0, 2πq, provided that |Re µ| ă 1
2
and m is even. Here Jµ,mpzq is the
Bessel function over the complex numbers defined as
Jµ,m pzq “
$’’’&’’’%
2π2
sinp2πµq pJµ,mp4π
?
zq ´ J´µ,´mp4π
?
zqq , if m is even,
2π2i
cosp2πµq pJµ,mp4π
?
zq ` J´µ,´mp4π
?
zqq , if m is odd,
with
Jµ,mpzq “ J´2µ´ 1
2
m pzq J´2µ` 1
2
m pzq .
See §4.1 for more discussions on the definition of Jµ,mpzq.
In this paper, we shall use the formula (1.3) to establish the Bessel identity for the
Shimura-Waldspurger correspndence over C. This completes the local spectral theory of
the relative trace formula of Jacquet, complementary to [BM1] and [BM2]. As application
of this paper, we wish to further generalize the Waldspurger formula onto an arbitrary
number field1.
1.2. Main theorem. We now give a sample of the Bessel identities that we obtain.
Let
N “
#˜
1 z
1
¸
: z P C
+
, A “
#˜
a
b
¸
: a, b P C r t0u
+
.
Let ψ1pzq “ epTr zq, viewed as a character on N. Let π be an infinite-dimensional irre-
ducible unitary representation of GL2pCq with trivial central character (that is, a represen-
tation of PGL2pCq). We attach to π the relative Bessel function iπ,ψ1 on GL2pCq which is
left A-invariant and right pψ1,Nq-equivariant. iπ,ψ1 is real analytic on an open subset of the
Bruhat cell in GL2pCq. Let σ be an irreducible unitary representation of SL2pCq. We attach
to σ the Bessel function jσ,ψ1 on SL2pCq which is both left and right pψ1,Nq-equivariant.
jπ,ψ1 is real analytic on the open Bruhat cell in SL2pCq. We stress that π or σ is deter-
mined by iπ,ψ1 or jσ,ψ1 respectively. Our main theorem of this paper (see Theorem 8.2) is
as follows.
1This was done very recently while the present paper was under peer review. See [CQ].
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Theorem 1.1. Let π be as above. There exists σ as above such that for any z P Cr t0u
we have
iπ,ψ1
˜
z{4 1
1
¸
“ 2ǫpπ, 1{2qψ1 p2{zq |z|
Lpπ, 1{2q jσ,ψ1
˜
´z´1
z
¸
,(1.4)
in which Lpπ, 1{2q and ǫpπ, 1{2q are the central values of the L-factor and the ǫ-factor
associated with π.
The correspondence in Theorem 1.1 is given by
πµ,m ÝÑ σ 1
2
µ, 1
2
m, for µ P iR,m even, or µ P
`
0, 1
2
,˘m “ 0,
reflecting the index correspondence pµ,mq ÝÑ ` 1
2
µ, 1
2
m
˘
between the Bessel functions on
the two sides of (1.3). Here πµ,m and σµ,m are the unitary principal series or complemen-
tary series of GL2pCq and SL2pCq parameterized by pµ,mq respectively (see §2.2 for the
definitions). To be precise, we have
jπ,ψ1
˜
z
1
¸
“|z|Jµ,m p´zq , π “ πµ,m,
jσ,ψ1
˜
´z´1
z
¸
“ p´1q 12m |z|´2 J 1
2
µ, 1
2
m
`
z´2
˘
, σ “ σ 1
2
µ, 1
2
m,
2 and we shall prove in the sense of distributions that
iπ,ψ1
˜
u 1
1
¸
“ 1
Lpπ, 1{2q
ż
Crt0u
jπ,ψ1
˜
z
1
¸
ψ1puzqd1z|z|2 ,
where d1z denotes twice of the Lebesgue measure on C. Moreover, note that ǫpπ, 1{2q “
i|m| “ p´1q 12m if π “ πµ,m. Thus the identity (1.4) follows from the integral formula (1.3).
Actually, we shall prove a more general identity between iπ,ψ and jσ,ψ1 for any two
nontrivial characters ψ and ψ1. The correspondence π Ñ σ turns out to be exactly the
Waldspurger correspondence π Ñ Θpπq. However, unlike the real case as in [BM2], the
correspondence is now independent on ψ1.
1.3. Remarks. Admittedly, the Waldspurger correspondence over C is tremendously
simpler than that over R, because all the double covers of SL2pCq are isomorphic to the
trivial product SL2pCq ˆ t˘1u. Moreover, the representation theory of GL2pCq or SL2pCq
is simpler as discrete series do not exist.
Our expositions would be simplified if we view PGL2pCq as PSL2pCq and work only
on SL2pCq. Nevertheless, we choose to work in the framework of the representation theory
of GL2pCq in order to preserve the analogy between this work and [BM2].
As the formula (1.3) is the foundation of this paper, we now make some remarks on
its analytic perspective and applications.
2It is preferred here to view jπ,ψ1 as function on PGL2pCq(“ PSL2pCq).
4 JINGSONG CHAI AND ZHI QI
The proof of (1.3) in [Qi2] is considerably harder than that of (1.1) or (1.2). Interest-
ingly, besides an incorporation of stationary phase and differential equations, also arise in
the course of proof certain complicated combinatorial formulae.
It is the distributional variant of (1.3) (see (6.1)) that we shall use to deduce the formula
of the relative Bessel function iπ,ψ. Critical is that the test function in (6.1) only needs to be
rapidly decaying at infinity but not zero. By using this variant, we may completely avoid
the analysis of differential operators as in [BM2]. This idea would also work in the real
context as in [BM2].
Acknowledgements. We thank Jim Cogdell for his help and the referee for several
constructive suggestions.
2. Notations and preliminaries
2.1. Basic notations. Let G “ GL2pCq and S “ SL2pCq. Let B, A and Z denote the
Borel subgroup of upper triangular matrices, the diagonal subgroup and the center of G
respectively. Set
N “
#
npxq “
˜
1 x
1
¸
: x P C
+
,
and
4 “
˜
´1
1
¸
, 40 “
˜
1
1
¸
,
spaq “
˜
a
a´1
¸
, tpaq “
˜
a
1
¸
, zpcq “
˜
c
c
¸
.
Recall that epxq “ e2πix. For λ P C, let ψ “ ψλ be the additive character of C defined
by
ψλpzq “ epTrpλzqq “ epλz` λzq.
We also viewψ as a character of N by ψpnpzqq “ ψpzq. Let }z} “ |z|C “ |z|2. Take dz “ dλz
to be 2
a
}λ} times of the Lebesgue measure on C, which is self-dual with respect to ψ.
Let Cˆ “ C r t0u. Set dˆz “ dz{}z}.
For f P L1pCq, we define the ψ-Fourier transform of f as
(2.1) pf puq “ ż
C
f pzqψpuzqdz.
With our choice of measure dz, the Fourier transform is self-dual, namely,
ppf puq “ f p´uq.
2.2. Representations of GL2pCq and SL2pCq. Denote by χν,l the character of Cˆ
given by
χν,l : zÑ }z}νpz{|z|ql,
with ν P C and l P Z. According to Langlands’ classification forG, any irreducible admis-
sible representation of G may be parametrized by pν1, ν2, l1, l2q P C2 ˆ Z2. First, we intro-
duce the principal series representation πpχν1,l1 , χν2,l2q. It is known that IndGBpχν1,l1 , χν2,l2q,
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defined by the unitary induction, has a unique irreducible quotient provided that Re ν1 ě
Re ν2. We denote this quotient by πpχν1,l1 , χν2,l2q according to [JL, §6]. Second, these
principal series πpχν1,l1 , χν2,l2q exhaust all the irreducible admissible representations of G
up to infinitesimal equivalence that occurs when we permute χν1,l1 and χν2,l2 . Note that we
can always permute pν1, l1q and pν2, l2q if necessary so that Re ν1 ě Re ν2 is satisfied. See
[Kna2, §4] and [JL, §6] for more details.
For µ P C,m P Z, we let πµ,m denote the principal series of G with parameter`
µ,´µ, 1
2
m,´ 1
2
m
˘
if m is even or
`
µ,´µ, 1
2
pm ` 1q,´ 1
2
pm ´ 1q˘ if m is odd. Note that
πµ,mb χν,lpdetq exhaust all the principal series ofG as above. It is clear that πµ,m has trivial
central character if and only if m is even.
When restricting πµ,m on S , we obtain the principal series σµ,m of S induced from the
character spaq Ñ χ2µ,mpaq. The principal series σµ,m exhaust all the irreducible admissible
representations of S .
Finally, the representation πµ,m or σµ,m is unitary if
- (unitary principal series) Re µ “ 0, or
- (complementary series) µ P `0, 1
2
˘
and m “ 0.
For more information, the reader may consult the book of Knapp [Kna1].
2.3. Whittaker functions. Let π be an infinite dimensional irreducible unitary rep-
resentation of G on a Hilbert space H, with H8 its subspace of smooth vectors. It is well
known that π is generic in the sense that there exists a nonzero continuous ψ-Whittaker
functional L on H8, unique up to scalars, satisfying
Lpπpnq3q “ ψpnqLp3q, n P N, 3 P H8.
Let
(2.2) W3pgq “ Lpπpgq3q, 3 P H8, g P G,
be the Whittaker function corresponding to 3. All these definitions are valid for S .
First, we have the following lemma for the asymptotic of Whittaker functions on the
torus.
Lemma 2.1. For 3 P H8, the function W3ptpaqq is rapidly decreasing at infinity and is
of order }a}ρ for certain ρ ą 0 when a is in the vicinity of zero.
This lemma is a consequence of a much more general result of Jacquet and Shalika
for GLn over a local field in [JS, §4.4 Proposition 3]. Specialized to the case of GL2pCq,
their result may be phrased as follows. There is a finite set C of characters of Cˆ with
positive real part, namely, characters χ with |χpzq| “ }z}ρ for ρ ą 0, and for each χ P C
a nonnegative integer rχ with the following property
3: let X be the set of finite functions
of the form χpaqplog }a}qr, with χ P C and r ď rχ, then for any given 3 P H8 there are
3For GL2, one should have rχ “ 0 or 1.
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functions φξ in the Schwartz space on Cˆ U2pCq such that
W3ptpaqkq “
ÿ
ξPX
φξpa, kqξpaq.
The rapid decay of W3ptpaqq as }a} Ñ 8 is already proven in [God, §2.5] (and also [JL,
§6]), in particular (68)-(72). However, we do not find any concrete statement in either
[JL] or [God] on the asymptotic of W3ptpaqq for a small. Nevertheless, we may prove the
asymptotic W3ptpaqq “ Op}a}ρq as }a} Ñ 0 if we examine and estimate the integrals in
(69) and (70) in [God, §2.5] more carefully; it is important here that π is unitary so that
either Re µ “ 0 or µ P `0, 1
2
˘
(we may choose 0 ă ρ ă 1
2
´ Re µ). It should be noted that
only U2pCq-finite vectors are treated in [JL, §6] and [God, §2.5].
Moreover, we have the following analogue of [BM2, Lemma 2.1].
Lemma 2.2. Let 3 P H8, f , g P C8pCˆq. Assume that both f paqW3ptpaqq and
gpaqW3ptpaqq are in L1pCˆ, dˆaq. Ifż
Cˆ
f paqWπpnq3ptpaqqdˆa “
ż
Cˆ
gpaqWπpnq3ptpaqqdˆa
for all n P N, then f paqW3ptpaqq “ gpaqW3ptpaqq for all a P Cˆ.
Proof. The proof is literally the same as that of [BM2, Lemma 2.1]. We haveż
Cˆ
f paqWπpnpxqq3ptpaqqdˆa “
ż
Cˆ
f paqW3ptpaqnpxqqdˆa “
ż
Cˆ
f paqW3ptpaqqψpaxqdˆa.
Hence follows the integrability of the first integral for all x P C and it is equal to the Fourier
transform of the function }a}´1 f paqW3ptpaqq. The identity in the lemma then yields the
equality between the Fourier transform of }a}´1 f paqW3ptpaqq and that of }a}´1gpaqW3ptpaqq.
It follows that f paqW3ptpaqq “ gpaqW3ptpaqq for all a P Cˆ. Q.E.D.
3. Bessel and relative Bessel distributions for GL2pCq
Let x , y be aG-invariant nonzero inner product on H. We can normalize the Whittaker
functional L so that
(3.1) x31, 32y “
ż
Cˆ
W31ptpaqqW32ptpaqqdˆa.
3.1. The normalized torus invariant functional. We define
(3.2) Pp3q “ 1
Lpπ, 1{2q
ż
Cˆ
W3ptpaqqdˆa, 3 P H8,
in which the normalization factor Lpπ, 1{2q is the central value of the L-function for π
(see for example [Kna2, §4]). In view of Lemma 2.1, the integral above is absolutely
convergent. Moreover, it may be verified that P is a nonzero continuous linear functional
on H8 satisfying
Ppπpaq3q “ Pp3q, a P A, 3 P H8,
if the central character of π is trivial. Hence P is the nonzero unique up to scalar continuous
linear functional with the above invariance property.
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3.2. Bessel and relative Bessel distributions. For every continuous linear functional
λ on H8 and every f P C8c pGq, the map 3 Ñ λpπp f q3q is continuous on H by [Sha,
Proposition 3.2]. By the Riesz representation theorem, there exists a unique vector 3λ, f
such that
(3.3) λpπp f q3q “ x3, 3λ, f y, all 3 P H8.
More concretely, for any orthonormal basis t3iu in H8,
3λ, f “
ÿ
λpπp f q3iq3i.(3.4)
Then we define the Bessel distribution by
(3.5) Jp f q “ Jπ,ψp f q “ Lp3L, f q
and the relative Bessel distribution by
(3.6) Ip f q “ Iπ,ψp f q “ Lp3P, f q.
In view of (3.4), for any orthonormal basis t3iu in H8, we have
Jp f q “
ÿ
Lpπp f q3iqLp3iq,(3.7)
and
Ip f q “
ÿ
Ppπp f q3iqLp3iq.(3.8)
Letting rf pgq “ f pg´1q, it follows from [BM2, Corollary 23.7] that Jp f q “ Lp3
L, rf q and
Ip f q “ Pp3
L, rf q.Thus
Ip f q “ Pp3
L, rf q “ 1Lpπ, 1{2q
ż
Cˆ
W3
L, rf ptpaqqdˆa “
1
Lpπ, 1{2q
ż
Cˆ
Lpπptpaqq3
L, rf qdˆa.
Let ρl denote the left translation of functions on G, namely, pρlphq f qpgq “ f ph´1gq. Note
that for any 3 P H8
πppρlptpaqq f q„q3 “
ż
G
f ptpa´1qg´1qπpgq3dg
“
ż
G
f pg´1qπpgqπptpa´1qq3dg “ πp rf qπptpa´1qq3,
and therefore πptpaqq3
L, rf “ 3L,pρlptpaqq f q„ . Hence
(3.9) Ip f q “ 1
Lpπ, 1{2q
ż
Cˆ
Jpρlptpaqq f qdˆa.
Finally, we define Bessel distributions for S in the same manner. Let pσ,Hq be a
unitary representation of S . Let L be a nonzero continuous ψ-Whittaker functional on H8.
Similar as above, for any h P C8c pS q, there exists a unique vector 3L,h P H such that
(3.10) Lp3L,hq “ x3, 3L,hy, all 3 P H8.
Then one can define similarly the Bessel distribution Jσ,ψ on S associated with σ by
(3.11) Jσ,ψphq “ Lp3L,hq.
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4. Bessel functions for GL2pCq
Bessel functions for PSL2pCq were first discovered by Bruggeman and Motohashi
[BM5], and later by Lokvenec-Guleska [LG] for SL2pCq, arising in their Kuznetsov trace
formulae (Bessel functions for spherical representations of SL2pCq however appearedmuch
earlier in the work of Miatello and Wallach [MW]). Recently, the second author redis-
covered Bessel functions for GL2pCq as an example of the Bessel functions for GLnpCq
occurring in the Voronoı¨ summation formula; see [Qi3, §3, 15, 17, 18].
In the representation theoretic aspect, most important is a kernel formula in [Qi3, §18]
for the action of the Weyl element in the Kirillov or Whittaker model of an irreducible
unitary representation of GL2pCq. This action is given by the Hankel transform over Cˆ
with integral kernel the associated Bessel function. Such a kernel formula for GL2pRq and
GL2pCq lies in the center of the representation theoretic approach to the Kuznetsov trace
formula; see [CPS] and [Qi4]. In the case of GL2pRq or SL2pRq, there are three proofs
of the kernel formula in [CPS, §8], [Mot1] and [BM2, Appendix 2]. Methods in the lat-
ter two proofs were generalized onto SL2pCq in [BM4, Mot2] and [BBA], but there are
unpleasant restrictions on both of them due to some convergence issues. In [BM4], an
integral representation of the Bessel function is used but it is valid only for |Re µ| ă 1
8
. In
[BBA], it requires that Re µ ‰ 0 and that the functions in the Kirillov model are compactly
supported.4 The approach in [Qi3] is quite different. It is based on the sophisticated har-
monic analysis by gamma factors and the Mellin transforms (see [Qi3, §1-3]). Also the
ideas in [CPS, §8] are followed and generalized in [Qi3, §17] to GLnpRq and GLnpCq.
4.1. The definition of Jµ,mpzq. Let µ P C and m P Z. We define
(4.1) Jµ,mpzq “ J´2µ´ 1
2
m pzq J´2µ` 1
2
m pzq .
The function Jµ,mpzq is well defined in the sense that the expression on the right of (4.1) is
independent on the choice of the argument of z modulo 2π. Next, we define
(4.2) Jµ,m pzq “
$’’’&’’’%
2π2
sinp2πµq pJµ,mp4π
?
zq ´ J´µ,´mp4π
?
zqq , if m is even,
2π2i
cosp2πµq pJµ,mp4π
?
zq ` J´µ,´mp4π
?
zqq , if m is odd,
where
?
z is the principal branch of the square root, and it is understood that in the non-
generic case when 4µ P 2Z`m the right hand side should be replaced by its limit. Jµ,m pzq
is a well defined function on Cˆ only when m is even, but it becomes well defined after
multiplying the factor
a
z{|z| when m is odd.
For later use, the following crude estimates for Jµ,m pzq are sufficient. See for example
[Qi2, (2.28)].
4It should be noted that our parametrization is slightly different from theirs.
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Lemma 4.1. Suppose that |Re µ| ă ρ. We have
Jµ,m pzq Î
#
1{ |z|2ρ , if |z| ď 1,
1{
a
|z|, if |z| ą 1,
with the implied constant depending only on µ, ρ and m. In particular,
Jµ,m pzq Î 1{ |z|2ρ ` 1{
a
|z|.
4.2. Bessel functions for GL2pCq. As defined in §2, let π “ πµ,m be a principal
series representation of G “ GL2pCq, and, for λ P Cˆ, let ψ “ ψλ be a nontrivial additive
character on N. The central character ωπpzpcqq “ c{|c| if m is odd and ωπpzpcqq ” 1 if m
is even. We define a function j “ jπ,ψ supported on the open Bruhat cell X “ B40B such
that
(4.3) jπ,ψptpaq40q “
# |λa|Jµ,m `´λ2a˘ , if m is even,
´ i|λ|
a
|a|aJµ,m
`´λ2a˘ , if m is odd,
5 and that jπ,ψ is left and right pψ,Nq-equivariant and also pωπ, Zq-equivariant, namely,
jπ,ψ pnpxqzpcqtpaq40npyqq “ ψpxqψpyqωπpcq jπ,ψptpaq40q.(4.4)
According to [Qi3, §18], we have
(4.5) W3 ptpbq40q “
ż
Cˆ
ωπpaq´1 jptpabq40qW3 ptpaqq dˆa, all 3 P H8.
As an easy consequence of (4.4) and (4.5), we have the following formula.
Theorem 4.2. Let 3 P H8. Then
W3 pgq “
ż
Cˆ
j
`
gt
`
a´1
˘˘
W3 ptpaqq dˆa,(4.6)
for all g P B40B.
It readily follows from (4.3, 4.4) that the restriction of the Bessel function jπ,ψ on
S “ SL2pCq is given by
jπ,ψpspaq4q “ p´1qm
ˇˇ
λa2
ˇˇ
Jµ,m
`
λ2a2
˘
,(4.7)
and
jπ,ψ pnpxqspaq4npyqq “ ψpxqψpyq jπ,ψpspaq4q.(4.8)
Remark 4.3. Of course, the factor ωπpaq´1 in (4.5) disappears if π is a representation
of PGL2pCq in the case when m is even. Otherwise, it will be gone if one uses spaq instead
of tpaq for torus elements, so the kernel formula looks simpler for SL2pCq,
(4.9) W3 pspbq4q “
ż
Cˆ
jpspabq4qW3 pspaqq dˆa,
for all 3 P H8. See [Mot1, Theorem 2] and [BBA, Theorem 2.3].
We extend the definition of j to the whole groupG by setting jpgq “ 0 for g R X.
5In [Qi3], as well as [CPS], the measure is not normalized by the factor
a
}λ} and the choice of Weyl element is
4 instead of 40, so the Bessel functions in [Qi3, Proposition 18.5] are slightly different.
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Proposition 4.4. Assume that π is unitary. Then j is locally integrable overG. Namely,
for any f P C8c pGq, we have ż
G
| f pgq jpgq| dg ă 8.
Proof. Recall that the measure on X “ NA40N is given by dg “ |a|´2dxdˆadˆcdy
if g “ npxqzpcqtpaq40npyq. We haveż
G
| f pgq jpgq|dg “
ż
X
| f pgq jpgq|dg
“
ż
| jptpaq40q|
ˆ¡
| f pnpxqzpcqtpaq40npyqq|dxdydˆc
˙
|a|´2dˆa
“
ż
| jptpaq40q|
ˆż
J
`?
a, c, | f |˘dˆc˙ |a|´2dˆa,
where J
`?
a, c, | f |˘ is the orbital integral defined as in (A.1). In view of Proposition A.1,
the inner integral over c is zero for small |a| and of the order |a|1`ε for large |a|. In view of
Lemma 4.1 and the expression of j “ jπ,ψ as in (4.3), jptpaq40q is bounded by |a|
1
2 when
|a| is large. It is now clear that the integral above is convergent. Q.E.D.
5. Bessel distributions for GL2pCq
In this section, we show that the Bessel distribution J “ Jπ,ψ is represented by the
Bessel function j “ jπ,ψ.
Lemma 5.1. Let 3 P H8, thenż
Cˆ
Jpρrptpaqq f qW3ptpaqqdˆa “
ż
G
f pgqW3pgqdg,
in which ρr is the right translation, that is, pρrphq f qpgq “ f pghq.
Proof. The proof is similar to that of [BM2, Lemma 7.1]. For any 3 P H8, we have
πpρrptpaqq f q3 “
ż
G
f pgtpaqqπpgq3dg
“
ż
G
f pgqπpgqπptpa´1qq3dg “ πp f qπptpa´1qq3.
Thus it follow from (3.3), (3.5) and (2.2) that 3L, ρrptpaqq f “ πptpaqq3L, f and Jpρrptpaqq f q “
W3L, f ptpaqq. Hence, in view of (3.1), we haveż
Cˆ
Jpρrptpaqq f qW3ptpaqqdˆa “ x3, 3L, f y.
On the other hand, by (3.3) and (2.2),
x3, 3L, f y “ Lpπp f q3q “
ż
G
f pgqW3pgqdg,
which finishes the proof. Q.E.D.
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Recall the definition of the Bessel function j “ jπ,ψ in the last section. We define a
distribution rJ “ rJπ,ψ on C8c pGq byrJp f q “ ż
G
f pgq jpgqdg.
This distribution is well defined as we have proven in Proposition 4.4 that jπ,ψpgq is locally
integrable on G.
Lemma 5.2. 6 Let 3 P H8 and f P C8c pGq. Thenż
Cˆ
rJpρrptpaqq f qW3ptpaqqdˆa “ ż
G
f pgqW3pgqdg.
Proof. We have ż rJpρrptpaqq f qW3ptpaqqdˆa
“
ż ˆż
X
f pgtpaqq jpgqdg
˙
W3ptpaqqdˆa
“
ż ˆż
X
f pgq jpgtpa´1qqdg
˙
W3ptpaqqdˆa
“
ż
X
f pgq
ˆż
jpgtpa´1qqW3ptpaqqdˆa
˙
dg
“
ż
X
f pgqW3pgqdg.
Here we have obtained the last equality from (4.2) in Theorem 4.2. It is however needed
to justify the change of order of integrations in the second to the last equality. For this, it
suffices to verify the absolute convergence of the integral in the third line. Note thatż
X
| f pgq jpgtpa´1qq|dg
“
ż
| jptpabq40q|
ˆ¡
| f pnpxqzpcqtpbq40npyqq|dxdydˆc
˙
|b|´2dˆb
“
ż
| jptpabq40q|
ˆż
J
`?
b, c, | f |˘dˆc˙ |b|´2dˆb,
where J
`?
b, c, | f |˘ is the orbital integral defined as in (A.1). In view of Proposition A.1,
the inner integral over c is dominated by |b|1`εΥBpbq for some constant B, with ΥB the
characteristic function on tb : |b| ě Bu. Since π “ πµ,m is unitary, we have |Re µ| ă 12 .
In view of Lemma 4.1 and the expression of j “ jπ,ψ as in (4.3), jptpaq40q is bounded by
1` |a| 12 . Consequently, we have the following estimations for the integral above
Î
ż `
1` |ab| 12 ˘|b|´3`εΥBpbqdb Î 1` |a| 12 .
Finally, recall from Lemma 2.1 that W3ptpaqq is rapidly decreasing at infinity and of the
order |a|2ρ near zero for certain ρ ą 0, then follows the absolute convergence of the inte-
gral. Q.E.D.
6Lemma 5.2 is stronger than Lemma 7.2 in [BM2] as our computation shows that it is not necessary to assume
that W3ptpaqq has a high order of vanishing at a “ 0.
12 JINGSONG CHAI AND ZHI QI
Corollary 5.3. The two distributions rJ and J are the same. That is, for any f P
C8c pGq, we have
Jp f q “
ż
G
f pgq jpgqdg.
Proof. Choose 3 P H8 withW3p1q “ 1, say. By Lemma 5.1 and 5.2 we haveż
Jpρrptpaqq f qW3ptpaqqdˆa “
ż rJpρrptpaqq f qW3ptpaqqdˆa
for all f P C8c pGq. We replace 3 by πpnq3 for any n P N and apply Lemma 2.2, it follows
that
Jpρrptpaqq f qW3ptpaqq “ rJpρrptpaqq f qW3ptpaqq
for all a P Cˆ. Letting a “ 1, the conclusion follows immediately. Q.E.D.
Let σ “ σµ,m and π “ πµ,m be unitary principal series of S and G respectively;
see §2.2. Recall that σ is the restriction of π on S . Let H be their common underlying
space. Let L be a fixed common ψ-Whittaker functional. Let the Bessel distribution Jσ,ψ
be defined by (3.10, 3.11). We now prove that the Bessel distribution Jσ,ψ is represented
by the restriction of the Bessel function jπ,ψ to S .
Proposition 5.4. Let σ and π be as above. For any h P C8c pS q, we have
Jσ,ψphq “
ż
S
hpsq jπ,ψpsqds.
As such, we shall write jσ,ψ the restriction of jπ,ψ on S .
Proof. Fix h P C8c pS q. Let U Ă Z be a small open neighborhood of the identity 1 so
that the map ps, zq Ñ sz is an injection from S ˆ U into G “ S ¨ Z. Choose a function
w P C8c pUq with ż
U
wpzqdz “ 1,
where dz “ dˆc if z “ zpcq. Set f pszq “ hpsqω´1π pzqwpzq. Clearly, f is well defined and
f P C8c pGq (indeed, f P C8c pS ¨Uq). By Corollary 5.3, along with the pωπ, Zq-equivariance
of jπ,ψ (see (4.4)), we have
Jπ,ψp f q “
ż
G
f pgq jπ,ψpgqdg “
ż
U
wpzqdz
ż
S
hpsq jπ,ψpsqds “
ż
S
hpsq jπ,ψpsqds.
On the other hand, since σ is the restriction of π to S , we may prove in a similar fashion
that πp f q3 “ σphq3 for any 3 P H. Precisely,ż
G
f pgqπpgq3 dg “
ż
U
wpzqdz
ż
S
hpsqπpsq3 ds “
ż
S
hpsqσpsq3 ds.
In view of the definitions in §3, it follows that 3L, f “ 3L,h and that Jπ,ψp f q “ Jσ,ψphq. The
proof is now completed. Q.E.D.
For h P C8c pS q we introduced the orbital integral
O
N,N
h,ψ
pgq “
ĳ
hpnpxqgnpyqqψpxqψpyqdxdy.(5.1)
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This orbital integral was studied by Jacquet. In particular, it is proven in [Jac] that the
integral in (5.1) converges absolutely for all g P X X S “ NpA X S q4N. In view of
Proposition 5.4, along with (4.8), for h P C8c pS q we have
Jσ,ψphq “
ż
O
N,N
h,ψ
pspaq4q jσ,ψpspaq4q}a}´2dˆa.(5.2)
6. Relative Bessel functions for GL2pCq
In this section, we prove that relative Bessel distributions can be represented by real
analytic functions on U “ ApN r t0uq40N. This follows directly from (the distributional
version of) an explicit formula in [Qi2] (see (1.3) and (6.1) below) for the Fourier transform
of the Bessel function Jµ,m pzq.
Unlike [BM2], the distributional integral formula in [Qi2] would enable us to prove
the regularity of relative Bessel distributions on the whole open Bruhat cell X “ AN40N
rather than its open dense subset U. Furthermore, with this observation, our proof of the
full regularity of relative Bessel distributions on G becomes tremendously easier compare
to the approach in [BM2]. See §7 for the details.
6.1. A formula for the Fourier transform of Bessel functions. The Fourier trans-
form pf of a Schwartz function f on C is defined bypf puq “ ĳ
C
f pzqep´Trpuzqqidz^dz.
According to [Qi2, Corollary 1.5], when |Re µ| ă 1
2
and m is even, we haveĳ
C
Jµ,m pzq pf pzq idz^dz|z| “ 12
ĳ
C
e
ˆ
Tr
ˆ
1
2u
˙˙
J 1
2
µ, 1
2
m
ˆ
1
16u2
˙
f puq idu^du|u| ,(6.1)
if f is a Schwartz function on C. Note that there is abuse of the notation dz, as dz in this
article denotes 2|λ| times of the Lebesgue measure on C.
It is critical that the test function f in (6.2) only need to be Schwartz on C and rapid
decay or vanishing at 0 is not required. We also remark that the deduction from (1.3) to
(6.1) is not so straightforward; see [Qi2, §6] for more details.
Recall from (2.1) that the Fourier transform with respect to the additive character
ψpzq “ ψλpzq “ epTrpλzqq is defined bypf puq “ ż
C
f pzqψpuzqdz.
Thus, in view of (4.3), the identity (6.1) may be rephrased asż
Cˆ
jπ,ψptpaq40q pf paqdˆa “ ż
Cˆ
e pTrpλ{2xqq |λ{2x| J 1
2
µ, 1
2
m
`
λ2{16x2˘ f pxqdx,(6.2)
if f is a Schwartz function on C.
6.2. Relative Bessel functions for GL2pCq. Let π be an infinite-dimensional irre-
ducible unitary representation ofG “ GL2pCq with trivial central character. So if π “ πµ,m
then m is even. Let J “ Jπ,ψ and I “ Iπ,ψ be the normalized Bessel and relative Bessel
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distributions defined as in §3. Recall the formula (3.9),
Ip f q “ 1
Lpπ, 1{2q
ż
Cˆ
J pρlptpbqq f q dˆb.
Let X “ AN40N. For f P C8c pXq, since J is represented by the Bessel function j “ jπ,ψ
on X (Corollary 5.3), it follows that
Ip f q “ 1
Lpπ, 1{2q
ż
Cˆ
ˆż
X
f ptpbqgq jpgqdg
˙
dˆb.(6.3)
Lemma 6.1. Let f P C8c pXq be of the form
f ptpaqzpcqnpxq40npyqq “ f1paq f2pcq f3pxq f4pyq,(6.4)
with f1, f2 P C8c pCˆq and f3, f4 P C8c pCq. Thenż
Cˆ
ż
G
f ptpbqgq jpgqdgdˆb
“
ż
Cˆ
f1pbqdˆb
ż
Cˆ
f2pcqdˆc
ż
C
f4pyqψpyqdy
ż
Cˆ
jptpaq40q pf3paqdˆa,(6.5)
where pf2 is the ψ-Fourier transform of f2 defined as in (2.1).
Proof. Let dg “ dˆadˆcdxdy be a Haar measure on X for g “ tpaqzpcqnpxq40npyq.
In view of (4.4) and (6.4), the integral on the left hand side of (6.5) splits into the productż
f2pcqdˆc
ż
f4pyqψpyqdy
ż ˆż
f1pabq jptpaq40q
ż
f3pxqψpaxqdxdˆa
˙
dˆb
“
ż
f2pcqdˆc
ż
f4pyqψpyqdy
ĳ
f1pabq jptpaq40q pf3paqdˆadˆb.
We claim that the last double integral converges absolutely. Hence we may change the
order of integrations and the variable b to b{a, gettingĳ
f1pabq jptpaq40q pf3paqdˆadˆb “ ż jptpaq40q pf3paq ż f1pabqdˆbdˆa
“
ż
f1pbqdˆb
ż
jptpaq40q pf3paqdˆa.
We now show the absolute convergence. Choose |Re µ| ă ρ ă 1
2
. Lemma 4.1 implies that
jptpaq40q may be bounded by |a|1´2ρ ` |a|
1
2 . We can find positive constants A and B such
that f1paq Î ΥA,Bpaq, with ΥA,Bpaq defined to be the characteristic function on the annulus
ta : A ď |a| ď Bu. Henceż ˇˇ
f1pabq jptpaq40q pf3paqˇˇdˆa Î ż ΥA{|b|,B{|b|paqˇˇ pf3paqˇˇ`|a|´1´2ρ ` |a|´ 32 ˘da.
Since pf3paq is rapidly decreasing when |a| is large, it follows that the value of the integral
above is rapidly decreasing when |b| is small. When |b| is large the integral is bounded by
|b|2ρ´1 ` |b|´ 12 . It is then clear that integrating further with dˆb “ db{|b|2 will converge
absolutely at both 0 and8. Q.E.D.
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Combining (6.2), (6.3) and (6.5), it follows that if we define a function i “ iπ,ψ sup-
ported on U such that
iπ,ψpnpxq40q “ e pTrpλ{2xqq |λ{2x| J 1
2
µ, 1
2
m
`
λ2{16x2˘ {Lpπ, 1{2q,(6.6)
and that iπ,ψ is right pψ,Nq-equivariant and left A-invariant, namely,
iπ,ψptpaqzpcqnpxq40npyqq “ ψpyqiπ,ψpnpxq40q,(6.7)
then
Iπ,ψp f q “
ż
U
f pgqiπ,ψpgqdg,(6.8)
for all f of the form (6.4) in Lemma 6.1. Since such functions span a dense subspace of
C8c pXq (the Stone-Weierstraß theorem), (6.8) is actually valid for all f P C8c pXq.
7. Regularity of relative Bessel distributions over GL2pCq
In this section, we prove that the relative Bessel distribution I “ Iπ,ψ is given by the
integration against the relative Bessel function i “ iπ,ψ on the full groupG.
Since we have already proven in §6 the regularity of I on X, Proposition 2.10 in [Sha]
is now directly applicable to deduce its full regularity onG. In particular, we may avoid the
introduction of differential operators and almost all the arguments in §5 of [BM2]. This
simplification of course works in the real context as in [BM2].
We begin with the local integrability of i on G. Recall that i is set to be zero outside
U “ ApN r t0uq40N.
Proposition 7.1. The relative Bessel function i is local integrable on G, namely, for
any f P C8c pGq, ż
G
| f pgqipgq|dg ă 8.
Proof. The proof is similar to that of Proposition 4.4. We haveż
G
| f pgqipgq|dg “
ż
U
| f pgqipgq|dg
“
ż
|ipnpxq40q|
ˆ¡
| f pspaqzpcqnpxq40npyqq|dˆadˆcdy
˙
dx
“
ż
|ipnpxq40q|
ż
Mpx, c, | f |qdˆcdx,
in which Mpx, c, | f |q is the orbital integral defined as in (A.2). Applying Proposition A.2,
the inner integral over c is zero for |x| large and of the order 1{|x|ε for small values of
|x|. On the other hand, by the expression of i “ iπ,ψ in (6.6) and Lemma 4.1, we know
that ipnpxq40q is bounded when |x| is small. It is now clear that the integral above is
convergent. Q.E.D.
By Proposition 7.1, we can define the distribution rI “ rIπ,ψ byrIp f q “ ż
G
f pgqipgqdg.
16 JINGSONG CHAI AND ZHI QI
Proposition 7.2. For any f P C8c pGq, we have
Ip f q “ rIp f q.
Proof. Let T be the distribution on G defined by the difference T “ I ´ rI. First, in
view of (6.8), I and rI coincide on X, so T is supported on the Borel B “ G r X. Second, it
is clear that T satisfies ρrpnpyqqI “ ψpyqI. Third, we claim that T is an eigen-distribution
of the Casimir element ∆ in the universal enveloping algebra of the Lie algebra of G. To
see this, we first note that I is an eigen-distribution of ∆ according to [Sha, §3], that is,
∆I “ κI (κ P C). As aforementioned, I is represented by the (real analytic) function i when
restricted on U, so i is an eigen-function of ∆ on U. Precisely, we have ∆i “ κi, which
further implies ∆rI “ κrI. The third claim is now proven. Under the three conditions above,
by [Sha, Proposition 2.10], we must have T “ 0. Q.E.D.
Finally, for f P C8c pGq define the orbital integral
OA,N
f ,ψ
pgq “
ż
A
ż
N
f pagnqψpnqdˆadn.(7.1)
It is proven in [Jac] that the integral in (7.1) converges absolutely for any g P U “ ApN r
t0uq40N. In view of Proposition 7.1 and 7.2, along with (6.7), for f P C8c pGq we have
Iπ,ψp f q “
ż
Cˆ
O
A,N
f ,ψ
pnpxq40qiπ,ψpnpxq40qdx.(7.2)
8. Bessel identities over C
We are now ready to establish the Waldspurger correspondence between irreducible
unitary representations of G “ GL2pCq with trivial central character (that is, representa-
tions ofG{Z “ PGL2pCq) and irreducible unitary representations of S “ SL2pCq from the
identities between their Bessel functions.
Fix the nontrivial additive character ψ “ ψλ of C defined by ψpzq “ epTrpλzqq. Let
D P Cˆ and define ψDpzq “ ψpDzq. Define the Weil factor γpz, ψDq by
γpz, ψDq “ 1{
a
}2D}.
Note that γpz, ψDq does not depend on z, but we would rather keep z in this conventional
notation. Define a transfer factor
∆D,ψpzq “ γpz, ψDqψp2D{zq
a
}z}.(8.1)
Let σ be an irreducible unitary representation of S . When changing ψ “ ψλ to ψD “ ψλD,
we wish to keep the Haar measure fixed on S with respect to ψ and instead re-normalize
the formulae of jσ,ψD in §4.2 by an extra factor
a
}D}7.
Definition 8.1. Let π be an irreducible unitary representation of G{Z. We say that an
irreducible unitary representation σ of S corresponds to π if the following equality (Bessel
7In the paper [BM2], the more reasonable re-normalizing factor should be
a
|D| not 1{
a
|D|, so their formulae
(19.2) and (19.4) need small modifications on the factors involving |D|.
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identity) holds
iπ,ψpnpz{4Dq40q “
4∆D,ψpzqǫpπ, 1{2, ψq
Lpπ, 1{2q jσ,ψDp4spzqq,(8.2)
for all z P Cˆ.
The following theorem is the main theorem of this paper.
Theorem 8.2. For each irreducible unitary representation π of G{Z, there exists a
corresponding irreducible unitary representationσ of S satisfying the Bessel identity (8.2).
The correspondence is given by
πµ,m ÝÑ σ 1
2
µ, 1
2
m, for µ P iR,m even, or µ P
`
0, 1
2
,˘m “ 0.
Proof. The proof is a simple comparison between the formulae (4.7) and (6.6). To ver-
ify the equality, it should be noted that by [Kna2, (4.7)] and [Tat, §3] we have ǫpπ, s, ψλq “
i|m|ωπpλq}λ}2s´1 if π “ πµ,m, and hence ǫpπ, 1{2, ψλq “ i|m| “ p´1q 12m when m is even so
that ωπpλq “ 1. Note that ǫpπ, 1{2, ψq is actually independent on ψ. Q.E.D.
We remark that σ “ Θpπq “ Θpπ, ψDq according to the notation of the theta corre-
spondence of Waldspurger [Wal]. Unlike the real case (see [BM2, Theorem 19.2]), here σ
is independent on the additive character ψD.
Finally, we would like to prove an identity in the level of distributions. It is proven in
[Jac] that for each f P C8c pGq there exists f 1 P C8c pS q such that
(8.3) OA,N
f ,ψ
pnpz{4Dq40q “ ON,Nf 1,ψDp4spzqqψp´2D{zq
a
}z}{γpz, ψDq,
for all z P Cˆ. See (5.1) and (7.1) for the definitions of these orbital integrals (the Haar
measure in (5.1) however is now chosen with respect to ψ rather than ψD). By (5.2), (7.2)
and Theorem 8.2 we have the following theorem.
Theorem 8.3. Assume that f and f 1 satisfy (8.3) and that π and σ correspond as in
Theorem 8.2. Then
(8.4) Iπ,ψp f q “ Jσ,ψDp f 1qǫpπ, 1{2, ψq{}2D}Lpπ, 1{2q.
Appendix A. Orbital integrals
In this appendix, we state some preliminary analytic results on the pN,Nq and pA,Nq
orbital integrals that were needed for verifying the absolute convergence of certain inte-
grals. While the volumn estimates are slightly more complicated (they can still be done in
the polar coordinates without much difficulty), the proofs are literally identical with those
for the real case in [BM2, §4.1, 4.2] and will be omitted here.
A.1. pN,Nq orbital integrals. For f P CcpGq, a, c P Cˆ, we define the following
orbital integral
(A.1) Jpa, c, f q “
ĳ
f pnpxqzpcqspaq40npyqqdxdy.
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Proposition A.1. Let f P CcpGq. Then
(1). Jpa, c, f q converges absolutely for all a, c P Cˆ.
(2). Jpa, c, f q is compactly supported as a function of c in Cˆ, independent on a.
(3). Jpa, c, f q is zero when |a| is small, independent on c.
(4). Jpa, c, f q “ Op|a|2`εq for any ε ą 0, when |a| is large, independent on c.
A.2. pA,Nq orbital integrals. For f P CcpGq, x P C, c P Cˆ, define orbital integral
(A.2) Mpx, c, f q “
ĳ
f pspaqzpcqnpxq40npyqqdˆady.
Proposition A.2. Let f P CcpGq. Then
(1). Mpx, c, f q converges absolutely for all c, x P Cˆ.
(2). Mpx, c, f q is compactly supported as a function of c in Cˆ, independent on x.
(3). Mpx, c, f q is zero for large values of |x|, independent on c.
(4). Mpx, c, f q “ Op1{|x|εq for any ε ą 0, when |x| is small, independent on c.
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